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Several papers [1-4] have considered the propagation of a plane 
laminar jet of incompressible conducting fluid in a uniform magnetic 
field for magnetic Reynolds numbers much less than unity. These 
papers have investigated the flow of a free jet in a transverse magnetic 
field for small values of the magnetic interaction parameter. Equations 
for the first approximations were obtained in [1, 2] by a series expansion 
in the small interaction parameter close to the ordinary solution 
(without magnetic field) for the jet. The equations for the zero-th and 
first approximations were integrated in [3]. The same author also 
found a similar solution for a turbulent jet, the turbulent transfer 
coefficient being chosen according to Prandtl's method. As regards the 
solution found in [4], it suffers from the defect that the constant of 
integration which connects the real velocity profiles with those found in 
the paper remains undetermined. The present paper gives an approxi- 
mate solution of the same dynamic problem of the propagation of a 
free plane jet in a uniform field, no assumption being made as to the 
smallness of the interaction parameter. In order to do this the integral 
method of solution, common in ordinary hydrodynamics [5, 6] is 
employed. The solution of the problem is generalized to include the 
case of a finite value of the Hall parameter. 

1. L e t  a j e t  of c o n d u c t i n g  f l u id  f low f r o m  a n  i n f i n i t e  
t h i n  s l i t  l o c a t e d  a t  t h e  p o i n t  0 in  t h e  d i r e c t i o n  of t he  
x a x i s ,  in to  a s p a c e  f i l l e d  w i t h  t h e  s a m e  f lu id  a t  r e s t  

(Fig .  1}. We  s h a l l  a s s u m e  t h a t  t he  r e g i o n  of  j e t  p r o p a -  

g a t i o n  i s  s i t u a t e d  in  a n  i n f i n i t e  e x t e r n a l  u n i f o r m  m a g n e t i c  
f i e l d  of f i e l d  s t r e n g t h  Ho, in  t h e  d i r e c t i o n  of  t h e  y a x i s  

a n d  w i t h  a m a g n e t i c  R e y n o l d s  n u m b e r  R m << 1. 

In t he  c a s e  u n d e r  c o n s i d e r a t i o n  t h e  e q u a t i o n s  of 
m o t i o n  and  c o n t i n u i t y ,  and  a l s o  t h e  b o u n d a r y  c o n d i t i o n s  

h a v e  t he  f o r m  

Ou Ou 02u G Ix~H~ u Ou Ov 
u ~ 7 + v - ~ = v . - a ~ - -  - p  , ~-x + - g ~ - = 0 ,  (1.1) 

au Ou 0 a--~j = 0 a t  y - -0 ,  u =  -b-gy = a t  y = 4 - r 1 6 2  (1.2) 

In a c c o r d a n c e  w i t h  t h e  i n t e g r a l  m e t h o d  of s o l u t i o n  
t h e  v e l o c i t y  p r o f i l e  w i l l  b e  s o u g h t  in  t h e  f o r m  of a 

f o u r t h - d e g r e e  p o l y n o m i a l  

u = a0 q- ad] ~ q- a4g ~, (1.3) 

w h e r e  t h e  odd  t e r m s  h a v e  b e e n  o m i t t e d  in  v i e w  of t h e  
s y m m e t r y  of t h e  s i t u a t i o n .  

In o r d e r  to  d e t e r m i n e  t h e  c o e f f i c i e n t s  of  t h e  p o l y -  

n o m i a l  (1.3) we r e q u i r e  t h a t  t h e  f o l l o w i n g  b o u n d a r y  
c o n d i t i o n s  b e  f u l f i l l e d :  

O~u 61.L~Ho ~ dum 
v aye ~ am = am dz a t  y ~ 0 

Ou 
u = - ~ -  = 0 a t  y = - b c r  ( 1 . 4 )  

T h e  c o n d i t i o n  f o r  y = 0 is  o b t a i n e d  f r o m  t h e  i n i t i a l  

e q u a t i o n  (1.1),  u m is  t h e  v a l u e  of t h e  v e l o c i t y  o n  t h e  

a x i s  of t h e  j e t  [u m = u(x,  0)],  5 i s  t h e  e f f e c t i v e  w i d t h  

of  t h e  j e t .  

D e t e r m i n i n g  t h e  c o n s t a n t s  no, a2, a 4 and  s e t t i n g  
t h e m  in the  r e l a t i o n  (2.3),  we f ind  a n  e x p r e s s i o n  for  

t h e  r e q u i r e d  v e l o c i t y  p r o f i l e  

6 ~- ( d %  ) 
u = - -  ~ \ -gg-  q- N u , ,F (q~), F ( q ~ ) - = t - - 2 q ~ 2 - - ( p  ~, 

-- Y ~, = xx', N -- a~'-l[o-' (1.5) 
5 ' -- px ~ ' 

In o r d e r  to  d e t e r m i n e  t he  v a l u e  of t he  v e l o c i t y  on  t he  
a x i s  of t h e  j e t  u m and  i t s  t h i c k n e s s  5 we m u s t  h a v e  
two e q u a t i o n s .  T h e  f i r s t  of t h e s e  c o m e s  f r o m  the  

e x p r e s s i o n  f o r  t h e  v e l o c i t y  (1.5) on  t he  a x i s  of t h e  j e t  

6"- I dum 
1 = - T + 1 u  (1.6)  

T h e  s e c o n d  e q u a t i o n  i s  o b t a i n e d  f r o m  the  i n i t i a l  
e q u a t i o n s  (1.1) by  i n t e g r a t i n g  t h e m  a c r o s s  t h e  j e t  

d (u 26) + 21 ~, 6 ~ (1.7) d-7, ~ -  iv Urn = u.  

T h e  s y s t e m  of e q u a t i o n s  (1.6) and  (1.7) g i v e s  u s  a n  

e x p r e s s i o n  f o r  t he  m a x i m u m  v e l o c i t y  

J t t  8 dX (1.8) 
u~ = 6 lTg N + ~ - )  78~ �9 

T h e  e f f e c t i v e  t h i c k n e s s  of t h e  j e t  5 i s  d e t e r m i n e d  

f r o m  t h e  e q u a t i o n  

= 0 ,  

w i t h  t he  b o u n d a r y  c o n d i t i o n  5 = 0 f o r  x = 0. We f i nd  

a n  e x p r e s s i o n  fo r  t h e  t h i c k n e s s  of t h e  j e t  by  i n t e g r a t i n g  

e q u a t i o n  (1.9) :  

8 

l fgd5 Cvx.  (1.10) 
(i + nA~sxsD w" 

In o r d e r  to  d e t e r m i n e  t h e  c o n s t a n t  of i n t e g r a t i o n  C 

we  i n t e g r a t e  e q u a t i o n  (1.7) o b t a i n i n g  

u~25 q- T6  N u,~5 dz  = c o n s t  = [o/k 
o 

1 
t28~ 

--1 

(1 .11)  

T h e  c o n s t a n t  of i n t e g r a t i o n  is  t a k e n  to be  e q u a l  to  I 0 

s i n c e  t h e  t e r m  Um25k d e t e r m i n e s  t h e  i n i t i a l  m o m e n t u m  

of t h e  j e t  I0 fo r  x = 0. 
U s i n g  r e l a t i o n s  (1.10) and  (1.11) we d e t e r m i n e  t he  

c o n s t a n t  C : 

C = 8 ~ '  / VrI~ -. (1.12) 
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T h e  r e l a t i o n s  o b t a i n e d  e n a b l e  u s  to  d e t e r m i n e  t h e  

l o n g i t u d i n a l  (u) a n d  t r a n s v e r s e  (v) v e l o c i t y  c o m p o n e n t s  

by  u s i n g  Eq .  (1.8)  a n d  t h e  c o n t i n u i t y  e q u a t i o n .  

It is clear from the expression for jet thickness 5 that for values of 
the magnetic interaction parameter which are nonzero (N * 0) there 
ceases to be any development of the jet at a certain finite distance 
from the source equal to x ~ 1.35 N -s/4 ~ .  Here the jet thickness 
becomes infinitely large (Fig. 2), while the velocity becomes zero. 
The jet momentum decreases along the x axis at a rate which increases 
as the parameter N increases; the rate of flow of the jet which is 
proportional to the quantity urn6, passes through an extremum as the 
distance from the jet source (urn = 0 for x = 0) increases, and becomes 
zero once more for x ~- 1.38 N -s/'i f fI1/v 2 . The transverse velocity 
component changes sign at a value of x corresponding to the maximum 
value of the fiowrate. Consequently, the decrease in flowrate of the 
stream is associated with the fluid in the jet being forced out into the 
surrounding medium. 

We note that in the region where there is a sharp increase in jet 
thickness we must allow for effects arising from the fact that the 
transverse and longitudinal velocity components are commensurable, 
and also for the formation of a pressure gradient associated with the 
distortion of the streamlines. In other words, we must exercise special 
care when applying the boundary layer equations to this region. 

2. In o r d e r  to  c o m p a r e  t h e  s o l u t i o n  o b t a i n e d  by  t h e  

i n t e g r a l  m e t h o d  w i t h  t h e  e x a c t  s o l u t i o n  (in t h e  f r a m e -  

w o r k  o f  t h e  a s y m p t o t i c  l a y e r  t h e o r y )  w e  s h a l l  c o n s i d e r  

t h e  p r o p a g a t i o n  o f  a j e t  in  a n o n u n i f o r m  f i e l d .  

F i g .  1 

A s  in  [7],  w e  s h a l l  a s s u m e  t h a t  t h e  m a g n e t i c  f i e l d  

v a r i e s  i n v e r s e l y  a s  t h e  w i d t h  o f  t h e  j e t :  

H = H o / 6 .  (2.1) 

W e  h a v e  f r o m  t h e  s y s t e m  o f  e q u a t i o n s  (1.6) a n d  

(1 .7) ,  t a k i n g  (2.1) i n t o  a c c o u n t ,  t h e  f o l l o w i n g  e x p r e s -  

s i o n s  f o r  t h e  r e q u i r e d  q u a n t i t i e s :  

u = u m F  (~), F (~) t - -  27 ~ § ~ ' ,  

I ( t 2 - } - 3  N ) x = ,  
u ~ =  -C~ N- (2.2)  

- C x  ~, ~ ~ - -  _ _  
~ N  

t2 @-a/sN ' 

8 4-0 n k 3 N  ( N  = zlx2H~ 
~ =  t2 + a/3N 7 /  (2.3)  

In  o r d e r  t o  d e t e r m i n e  t h e  c o n s t a n t  C w e  m a k e  u s e  

o f  t h e  f a c t  t h a t  a n  i n t e g r a l  o f  t h e  f o r m  

8 

~ s  u-t~/~ dg  = D (2.4)  

d o e s  no t  c h a n g e  a l o n g  t h e  a x i s  o f  t h e  s t r e a m .  F r o m  

t h i s  c o n d i t i o n  w e  o b t a i n  f o r  C 

1 

- - i  

0.2 g.# 

F i g .  2 

S i m i l a r  r e s u l t s  o b t a i n e d  f r o m  t h e  e x a c t  s o l u t i o n  o f  
t h e  p r o b l e m  [7] a r e  q u o t e d  a t  t h i s  p o i n t :  

a = -  + ( 1 - l - - N ) ,  ~ = - - 2 ( t §  

r 2 
( N pvb, ~ ] ,  

D-C~ 

b=T , (ch ) 
--oa 

(2.6) 

In  c o m p a r i n g  t h e  s o l u t i o n  o b t a i n e d  by  t h e  i n t e g r a l  

m e t h o d  w i t h  t h e  e x a c t  s o l u t i o n  w e  m u s t  a l l o w  f o r  t h e  

d i f f e r e n c e  in  t h e  f o r m u l a s  d e f i n i n g  t h e  p a r a m e t e r  N. 

Figure 4 compares the self-similarity constants a and 13 as functions 
of the magnetic interaction parameter, where N is calculated from 
formula (2.6). It is clear from the figure that the results of the integral 
method (continuous line) relating to the variation of the maximum 
velocity and jet thickness along its axis are in agreement with similar 
results of the exact solution (broken line). From the solutions which 
have been obtained it follows that a self-similar solution for the jet 
exists when the magnetic parameter varies within the region 0 -< N < 
< 3.4. The upper limit of the parameter N = 3.4 is determined by the 
fact that the flowrate of the jet along the axis ought to increase in the 
case under consideration. Here the seK-similarity constants vary, 
respectively, within the limits 

--1/3 >~ a > i ,  --2/3 >~ 13 > - -  1 .  

It also follows from the solutions that for self-similar spreading of 
the jet in a magnetic field a specific relationship must hold between 
the dynamic jet characteristic D and the applied magnetic field. 

-,,)\ 
\ 

I \  

{o 

\ 
I 

F i g .  3 

Physically, it is clear that this is connected with the fact that for 
given values of the initial jet momentum and the parameter which 
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determines how the magnetic field varies along the axis of the jet, 

self-similar development of the jet occurs only for one characteristic 

value of the magnetic field strength H 0. 

1.0 

0.t 

/ 
f 

0.2 i Y 
I 2 3 t/ 

F ig .  4 

For the limiting value of the parameter N = 3.4, a = 5 = --1 the 
jet degenerates to flow at a constant flowrate; consequently, the fluid 
flowrate for the jet source is equal to zero [4]. We note here that the 
solution of [8] refers to just this case, which to our minds seems 
physically unrealistic. 

Dimensionless velocity profiles are given for transverse cross- 
sections in Fig. 3. The comparison show~ clearly that the velocity 
distributions obtained by the integral method (continuous llne) differ 
markedly from the exact solution (broken line). We note that in the 
case under consideration the self-similar velocity profile obtained by 
the integral method has the same form as for purely hydrodynamic 
jet flow. 

3. We  s h a l l  c o n s i d e r  t h e  p r o b l e m  of j e t  p r o p a g a t i o n  

in  a u n i f o r m  m a g n e t i c  f i e l d  a l l o w i n g  f o r  t h e  d e p e n d e n c e  

of  t h e  c o n d u c t i v i t y  o n  t h e  m a g n e t i c  f i e ld ,  a n d  fo r  t h e  

s a m e  c o n d i t i o n  R m << 1. T h e  i n i t i a l  s y s t e m  of e q u a t i o n s  
is  w r i t t e n  in  t h e  f o l l o w i n g  f o r m  [9, 10] f o r  a f i n i t e  v a l u e  
of t h e  Ha l l  p a r a m e t e r  wT: 

Ou Ou OZu c~P'~H~ - (u - -  co'~w) 
u -O~-+vN-y =v-~ .~  - -  p ( i + ~  

Otr Ow 02w ~t2Ho ~ 
u ~ + z, N'u = (w + ~o~u), 

Ou Ov 
0x -t- -~- = 0. (3.1) 

In w h a t  f o l l o w s  we n e g l e c t  t h e  t e r m  corw in  t h e  f i r s t  
e q u a t i o n ,  a s  w a s  d o n e ,  f o r  e x a m p l e ,  in  [9, 10]. We  

s h a l l  s e e k  t h e  v e l o c i t y  p r o f i l e s  in  t h e  f o r m  of p o l y -  
n o m i a l s  

u = a o +  a2g 2 + a 4 Y  ~, w = b o + b e g  ~ + b 4 g  4 .  (3.2) 

D e t e r m i n i n g  t h e  c o e f f i c i e n t s  f r o m  t h e  s i x  b o u n d a r y  

c o n d i t i o n s  

du m 02u 

dw m 02w 
u,~ ~ = ,~-~v ~ - -  N ~ (win - -  o ~ u , , ) ,  

Ou Ow 
u = w = O ,  Oy - - - $ ~  0 a t  y = 6 ,  (3.3) 

we  o b t a i n  

( dum ) 6~ 
u = - -  um \ - ~ x  + N ~  -7-  F ((p), F (cO) = t - -  2~ ~ + ~4,  

~ - [ u  d ~  o~ 'ru~)IF (3.4) w = - -  - d ~  + N~ (w~ + (~) .  

H e r e  N ~ d e n o t e s  t he  i n t e r a c t i o n  p a r a m e t e r  

N? = c4('-lI~ 
p,,(l i ~ " (3.5) 

We h a v e  t h e  f o l l o w i n g  e q u a t i o n s  fo r  d e t e r m i n i n g  u m 

a n d  w m :  

5 ~ /Ju.~ 2u ' 
t = - T l T ~ V  + 

6"- [ (t, ltrn 
N ~ (w~ + {.){u,,) l . (3.6) w,i = - - ~ [ u m  ~ + 

The  s o l u t i o n  of t he  f i r s t  e q u a t i o n  of  (3.6) and  Eq.  
(1.7) i s  g i v e n  a b o v e  (wi th  N c h a n g e d  to  N~ T h e  s y s -  
t e m  of  e q u a t i o n s  (3.6) g i v e s  u s  an  e x p r e s s i o n  f o r  t he  
m a x i m u m  v a l u e  of  t he  t r a n s v e r s e  v e l o c i t y  c o m p o n e n t  

- ' "  (]; t~ 

w ~  = Cu  - -  N(o~u,, ~ ~ . (3.7) 
o 

T h e  c o n s t a n t  of i n t e g r a t i o n  C = 0, s i n c e  by h y p o t h e -  
s i s  t he  j e t  h a s  no i n i t i a l  r o t a t i o n  r e l a t i v e  to t he  y 

a x i s  (uw5 = 0 fo r  x = 0). 

C a l c u l a t i n g  t h e  i n t e g r a l  in  e x p r e s s i o n  (3.7),  we 

h a v e  

Wm = --S/nO)XUm ]n (1 -~- 11/6~NSS ). (3.8) 

The solution which has been obtained shows that a motion trans- 
verse to the plane of flow arises in the jet. As WT increases the velocity 
of the sideways flow increases. However, a further increase of wr, 
starting from some particular value, leads to a decrease of velocity 
of transverse motion until w -~ 0 for WT -~ o% The longitudinal velocity 
component u decreases as WT increases, rand as wr--~ ~ it tends to the 
limiting velocity distribution for a flow of nonconducting fluid (case 
N=0) .  

The solutions obtained for the propagation of a conducting fluid 
jet in the absence of a magnetic field (N = 0) pass into the corre- 
sponding solutions for purely hydrodynamic flow. 

It should be noted that the integral method has been applied to the 
problem under consideration by E. V. Shchetbina [11]. 
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